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Correlation function-based finite-difference time-domain method
for simulating ultrashort pulse propagation. I. Formalism

Julie A. Gruetzmachera)

Department of Chemistry, The James Franck Institute and The Institute for Biophysical Dynamics,
The University of Chicago, Chicago, Illinois 60637

~Received 1 November 2002; accepted 16 April 2003!

A finite-difference time-domain formalism for simulating coherent linear pulse propagation is
presented that incorporates a medium response described by any two-time energy gap correlation
function. Two algorithms, for real and complex correlation functions, are developed to evaluate the
electric polarization through explicit treatment of the density matrix for a two-level system. The
coherence relaxation terms in the resulting finite-differenced Maxwell–Liouville equations depend
on integrals over the energy gap fluctuation correlation function. The algorithms are used to simulate
ultrashort mid-infrared pulse propagation through optically dense samples of HDO in liquid D2O as
a demonstration of their performance and flexibility. These algorithms represent a first step toward
the goal of incorporating complicated material responses into the full-field simulation of nonlinear
pulse propagation and nonlinear optical spectroscopy. ©2003 American Institute of Physics.
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I. INTRODUCTION

The study of optical coherence phenomena has a l
history, rooted in the seminal work of Brewer an
Shoemaker,1,2 McCall and Hahn,3 and Hartmann and
co-workers,4,5 among others.6 These early investigation
have developed into modern-day ultrafast nonlinear opt
spectroscopy and its theoretical description.7 Ultrafast spec-
troscopic techniques can now measure third- and hig
order nonlinearities on femtosecond time scales;8–11 how-
ever, the more simple phenomena of the optical fr
induction decay~FID! and coherent pulse propagation st
impact nonlinear measurements and are subjects of con
ing investigation.12,13 Pulse propagation effects, i.e., featur
due to the coherent propagation of short pulses throug
resonant medium, contribute to measured optical respo
and warrant special attention in time-resolved spectrosc
studies using few-cycle pulses and optically den
samples.14–20

One area of ultrafast spectroscopy in which propaga
effects are particularly relevant is nonlinear mid-infrar
~mid-IR! spectroscopy. The study of nonlinear respon
from vibrations is challenging because vibrational transit
dipole moments (m) are typically much smaller, often b
orders of magnitude, than those of electronic transitions.
factor of umu8 that appears in expressions for third-order no
linear signals therefore results in vibrational responses
are significantly smaller than their electronic counterparts
addition to employing signal averaging techniques to
hance signal to noise ratios, two strategies are often purs
to make such measurements possible: increasing inci
pulse energies, sometimes to the level of tens of microjou
and/or increasing chromophore concentration. It is a tech
logical challenge to maintain short mid-IR pulse duratio
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throughout the multiple parametric generation stages nee
to achieve high pulse energies; therefore, the latter appro
is often more feasible. High oscillator concentrations are a
intrinsic to studies of neat liquids. However, pulses with d
rations on the order of the inverse linewidth of a transiti
can become distorted during propagation through highly
sorptive samples, a phenomenon resulting from destruc
interference between the initial pulse and the FID~s! it
drives.21,22 These ‘‘FID beats’’20 on the trailing edge of
pulses can distort the resultant waveforms and there
complicate the retrieval of dynamic information from expe
mental transients.18,19,23,24For example, Spano and Warre
have shown that the dephasing time measured via ph
echo spectroscopy depends on optical density~OD! when
sample ODs are roughly one or higher.23 While such optical
density effects were observed in linear mid-IR pulse pro
gation decades ago,25,26 explicit consideration of their influ-
ence on nonlinear mid-IR transients has been limited:
report incorporating propagation effects on mid-IR pum
probe measurements has appeared in the literature,17 and in-
clusion of propagation effects was briefly mentioned in t
analysis of recent photon echo measurements.27 It is there-
fore desirable to develop the appropriate machinery to
count for such effects in the simulation of signals so that
dynamic time scales of molecular relaxation can be de
mined accurately. The first step toward realizing this goa
the development of a simulation algorithm for the simple
case—that of linear pulse propagation. Such an algorit
can then form the basis for more complicated extension
nonlinear responses.

There are a number of strategies for modeling the in
ence of pulse propagation on optical transients. In the
trafast spectroscopy literature, the most common metho
to model the propagation of the pulse envelope with a
of Maxwell–Bloch equations under the rotating wa
0 © 2003 American Institute of Physics
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1591J. Chem. Phys., Vol. 119, No. 3, 15 July 2003 A time-domain method for ultrashort pulse propagation. I
~RWA! and slowly-varying envelope~SVEA! approxima-
tions.17–19,23,24,28 While this approach is computationall
simple, the RWA and SVEA lose accuracy for transitio
whose spectral width is comparable to their cen
frequency12 and few-cycle optical pulses, respectively. Fu
thermore, this method assumes that the Bloch model is
appropriate description of the medium; i.e., the relaxation
purely homogeneous. In addition, any phase informat
about the field is lost as only the pulse envelope is simula
Therefore, it would be advantageous to develop a more g
eral method that propagates the full electric field of the pu
and accounts for a possibly non-Markovian response of
material ~particularly important for nonlinear extension!
while not relying upon the RWA or SVEA.

This paper presents a computational approach for m
eling linear, ultrashort pulse propagation that achieves th
goals. It is based on the finite-difference time-doma
~FDTD! method, which has been used extensively to mo
electromagnetic field propagation through media as dive
as human tissue and photonic structures.29,30 The full-field
simulation algorithms reported herein describe the elec
polarization via equations of motion for a two-level syste
density matrix and utilize a correlation function treatment7,31

of the relaxation. The formalism has the flexibility to inco
porate real or complex multiterm energy gap~fluctuation!
correlation functions, providing a means to include corre
tion functions from nonlinear spectroscopic measurement
the linear pulse propagation simulations. The algorithms
used to model the resonant propagation of ultrashort mid
pulses through optically-dense samples of HDO in liqu
D2O, showing the sensitivity of propagated fields to optic
density, initial pulse chirp, and the correlation function itse
The next paper in this series will further explore propagat
through HDO:D2O by incorporating correlation function
from nonlinear infrared spectroscopy into the CF-FDT
simulations.32 While the present formalism and simulation
treat only linear propagation, they represent an import
step toward modeling pulse propagation in nonlinear exp
ments, in which the ability to incorporate the non-Markovi
response of the material is essential. Linear spectroscop
in theory, completely described in the frequency domain
the absorption coefficient and refractive index. However,
extension to nonlinear spectroscopy is accomplished m
naturally in the time domain,7 making the time-domain CF
FDTD method a more useful starting point for future mo
eling of nonlinear responses.

The organization of this paper is as follows: Section
provides a basic introduction to the FDTD method and
views strategies for modeling electromagnetic field propa
tion in dispersive and dissipative media. This backgrou
material is followed by a description of the CF-FDTD fo
malism for real and complex material correlation functio
in Sec. III. Section IV presents simulations that demonstr
the optical density and chirp dependence of linearly pro
gated ultrashort mid-IR pulse fields, focusing on reson
~with the OH-stretching vibration! propagation through
samples of HDO in liquid D2O. The simulation results ar
compared with experimentally-determined20 electric fields.
Simulations of fields propagated through media with diff
Downloaded 08 Oct 2003 to 128.135.233.50. Redistribution subject to A
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also presented and discussed. Concluding remarks are g
in Sec. V. Finally, the finite-differenced partial differentia
equations needed to simulate electric field propaga
through materials described by real and complex correla
functions are provided in Appendices A and B, respective

II. BACKGROUND

The FDTD method is based on finite-differenced expr
sions for Maxwell’s curl equations.29,30 Derivatives in the
curl equations are treated as second-order-accurate finite
ferences, and the resulting equations are advanced in
and space. The simulations presented in this article mode
propagation of linearly-polarized electromagnetic fields
one dimension~along thez-axis! through a nonmagnetic, di
electric medium with no free charges. The curl equations
therefore

]Hy

]t
52

1

m0

]Ex

]z
, ~1!

]Ex

]t
52

1

e

]Hy

]z
2

1

e

]Px

]t
, ~2!

whereEx , Hy , andPx are the electric field, magnetic field
and electric polarization, respectively. The permeability,m0 ,
is that of free space everywhere in the simulation, and
permittivity, e, is that of the medium in which the fields ar
propagating, either free space or the~dielectric! solution.33

The focus of the present computational effort is the tre
ment of the polarization term in Eq.~2!. In the general case
the polarization cannot be expressed as merely a cons
times the electric field; therefore, it cannot be folded into t
electric field derivative of Eq.~2! but must be treated explic
itly. A number of FDTD strategies have been developed
treat media with a wavelength-dependent dielectric functi
In the classical case, the recursive convolution FDT
method~Ref. 34! and its piecewise linear extension35 have
been successful in modeling Debye and Lorentz media.
love and co-workers have developed the auxiliary differe
tial equation method for treating similar materials.36 A varia-
tion on the RC-FDTD method that can simulate a class
underdamped or overdamped Brownian oscillator was
cently employed by Beard and Schmuttenmaer to succ
fully model the propagation of femtosecond terahertz pul
through dielectric media, with and without optica
perturbation.14 While these algorithms are highly success
for their specific applications, they are purely classical; fie
interactions with high frequency vibrations are more pro
erly modeled using a quantum mechanical treatment of
material, making a semi-classical approach desirable.

Joint Maxwell–Bloch and Maxwell–Schro¨dinger equa-
tions for two-level atoms have been incorporated into FD
algorithms to perform semi-classical simulations. Tarasis
et al. developed a set of equations for the magnetic fie
electric field, electric displacement, and population invers
of the system; their algorithm was used to test the McCa
Hahn area theorem and model light amplification.37,38

Hughes modeled the breakdown of the area theorem39 and
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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1592 J. Chem. Phys., Vol. 119, No. 3, 15 July 2003 Julie A. Gruetzmacher
subfemtosecond x-ray generation16 via carrier-wave Rabi
flopping by performing FDTD simulations of high energ
ultrashort pulse propagation; the simulations solved
Bloch equations with a fourth-order RungewKutta method
tandem with the full-field Maxwell’s equations. Ziolkowsk
and co-workers40 have developed a FDTD algorithm th
employs predictor–corrector integration and incorpora
equations of motion for the density matrix of the system in
the FDTD algorithm. This Maxwell–Bloch FDTD simula
tion technique has been used to simulate few-cycle p
propagation41 and model experimentally-observed carrie
wave Rabi flopping.15 Ziolkowski’s algorithm was only for-
mulated in terms of the Bloch model for the relaxation o
system of two-level absorbers; however, its explicit tre
ment of all density matrix elements suggested the exten
to the correlation function-based approach descri
herein.42 The present paper demonstrates that Ziolkows
approach can be modified to incorporate non-Markov
functions that describe the system dynamics in a more g
eral fashion, thereby extending its range of applicability
dynamically more complex systems.

III. CF-FDTD FORMALISM

Two CF-FDTD algorithms are developed here. The fir
and computationally more efficient, algorithm treats stric
real correlation functions; the resulting equations are ide
cal to our corrected and extended version42 of the Ziolkowski
algorithm,40 but have time-dependent coefficients that d
pend on integrals over the energy gap correlation funct
The second algorithm uses a different representation of
vector of density matrix elements in Liouville space to inco
porate complex correlation functions, resulting in a fu
quantum-mechanical treatment of the medium.

A. Real correlation functions

1. Liouville equations of motion
for a two-level system

The equations of motion for density matrix elements
developed naturally in the Liouville space representation
quantum mechanics.7,31 The Liouville equation of motion is

]r̂

]t
5

1

\
L̂ r̂, ~3!

wherer̂ is a vector of density matrix elements andL̂ is the
Liouville operator, a matrix with elements given by the com
mutator of the Hamiltonian@2 iĤ ,#. The Hamiltonian for
the present case can be written as the sum of an unpertu
part, Ĥ0 , a term for the interaction with the electric fiel
through the dipole operator,Ĥ int , and a term describing th
relaxation of the system through interaction with the ba
Ĥ relax, yielding

]r̂

]t
5

1

\
~ L̂01L̂ int1L̂ relax!r̂. ~4!

The density matrix elements of the vector are then cho
such that all quantities in the calculations are real. To acc
Downloaded 08 Oct 2003 to 128.135.233.50. Redistribution subject to A
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plish this, combinations of the elements of the 23 2 ~Hilbert
space representation! density matrix are formed,

r15rab1rba , ~5!

r25 i ~rab2rba!, ~6!

r35rbb2raa , ~7!

wherea andb refer to the ground and excited states, resp
tively, of the two-level system. Equations~5!, ~6!, and ~7!
represent the in-phase~dispersive!, out-of-phase~absorp-
tive!, and inversion components of the density matrix,
spectively; conservation of probability (raa1rbb51) allows
this simplification. The terms in Eq.~4! for the unperturbed
and interaction parts of the Liouville equation are w
known,6,40 giving

]

]t S r1

r2

r3

D 5S 0 v0 0

2v0 0 2
m

\
Ex

0 22
m

\
Ex 0

D S r1

r2

r3

D
1L̂ relaxS r1

r2

r32r30

D , ~8!

with transition dipole momentm and resonant frequencyv0 .
Here, Ex is the completeelectric field calculated via the
FDTD algorithm; the method therefore circumvents t
RWA. This leaves only the relaxation term of the Liouvil
equation to be determined, and it is here that the correla
function treatment of the system–bath interaction is int
duced.

2. Correlation function description of the relaxation

The correlation function formalism developed by Muk
mel has found widespread use in the calculation of linear
nonlinear spectroscopic signals7 and follows in the tradition
of Gordon and Kubo’s correlation function description
spectroscopy.43,44 Within the second-order cumulant expa
sion and Condon approximations, Mukamel has shown
any linear or nonlinear signal can be expressed in terms
two-time correlation function of the energy gap fluctuati
between two molecular levels of interest,7

C~t1![
1

\2
^U~t1!U~0!ra&, ~9!

whereU is the energy gap fluctuation andra is the ground
state equilibrium density matrix of the bath. A key quant
appearing in the material response functions used to ca
late spectroscopic signals is the line shape functiong(t),
defined as

g~ t ![E
0

t

dt2E
0

t2
dt1C~t1!. ~10!

The Fourier transform of exp@2g(t)# yields the line shape o
the linear absorption spectrum.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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By making an analogy between the relaxation super
erator treatment of relaxation31 and the line shape functio
formalism,7 the equations of motion for the density matr
can be expressed explicitly in terms of the first time deri
tive of the line shape function or, equivalently, an integ
over C(t1). The derivation of the relaxation matrix follow
the treatment of non-Markovian vibrational relaxation
Mukamel according to a partial time ordering prescripti
~POP! for the time evolution operator.31 This time ordering is
appropriate for condensed phase systems: the bath flu
tions have a Gaussian stationary distribution,45 a reasonable
choice for a liquid as the dynamics are the sum of ma
perturbations by the surroundings. The derivation of the
laxation matrix follows that given in Appendix A of Ref. 3
and is partially repeated here as Eqs.~11!–~23! to provide a
more complete picture of the formalism development. Fi
the Liouville equation of Eq.~3! is rewritten as a matrix
element,

]r i j

]t
5

1

\ (
kl

Li j ,klrkl , ~11!

where each element is still an operator in the bath space~the
dipole perturbation is not present in the Liouville operator
Ref. 31 and so will not be included in this discussion!. Note
that the imaginary constant2 i is absorbed into the Liouville
operator and the summation is over statesa andb; redefini-
tion of the density matrix elements asr1 , r2 , andr3 , will
be performed after the equations of motion have been
tained. The relaxation of the density matrix elements is d
tated by tetradic operatorsĜ and F̂ for the dephasing~diag-
onal coupling! and population relaxation~off-diagonal
coupling!, respectively. As the population relaxation will a
ways be treated as a single exponential decay, only the
diagonal density matrix elements will be developed he
They are31

]rab

]t
52 iv0rab2 i F̂ @raa2rbb#22iĜrab , ~12!

]rba

]t
5 iv0rba2 i F̂ @rbb2raa#22iĜrba , ~13!

with commutators~superoperators!,

F̂[@F~ ua&^bu2ub&^au!,#, ~14!

Ĝ[@Gaua&^au1Gbub&^bu,#. ~15!

The correlation function termedŴ in Ref. 31,

Ŵ~ t2t!5^L̂ relax~ t2t!exp@ L̂0~ t2t!#L̂ relax~0!&, ~16!

is important for expressing the equations of motion in ter
of the energy gap correlation function, which can be de
mined from the components ofŴ. For example,31

Wab,ab~t!5(
a,b

P~a!exp~2 ivabt!

3$@L relax~t!ab,ab
bb,abL relax~0!ab,ab

ab,aa
Downloaded 08 Oct 2003 to 128.135.233.50. Redistribution subject to A
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1L relax~t!ab,ab
bb,baL relax~0!ab,ab

ba,aa

1L relax~t!ab,ab
aa,abL relax~0!ab,ab

ab,aa

1L relax~t!ab,ab
aa,baL relax~0!ab,ab

ba,aa]

1@L relax~t!ab,aa
aa,abL relax~0!aa,ab

ab,aa#

1@L relax~t!ab,bb
aa,baL relax~0!bb,ab

ba,aa#%, ~17!

wherea,b are bath states. In terms of functionsF andGa,b ,
Eq. ~17! can be reduced to the following sum of correlatio
functions,31

Wab,ab~t!52 exp~2 ivabt!$@^G2~t!G2~0!&

1^G2~2t!G2~0!&#

1@^G2~t!G1~0!&1^G2~2t!G1~0!&#%

1@^F~t!F~0!&1^F~2t!F~0!&#, ~18!

where

G1[ 1
2 ~Ga1Gb!, G2[ 1

2 ~Ga2Gb! ~19!

represent the average transition energy and gap fluctuat
respectively. Wba,ba(t) is the only other nonzero off-
diagonal component for this system~i.e., where at least one
of the subscripts isab or ba), asF andG are assumed to be
uncorrelated and the contribution of the correlation funct
for F to the off-diagonal dephasing terms is ignored.31

Using the POP and truncating the time integrals to s
ond order in the cumulant expansion approximation,
equation of motion for the system density matrix become31

]r̂

]t
5L̂0r̂2S E

0

t

dtV̂~ t2t! D r̂, ~20!

where

V̂~ t2t!5Ŵ~ t2t!exp@2L̂0~ t2t!#. ~21!

For the formalism of this article, the integral in Eq.~20!

is the relaxation Liouville operator,L̂ relax, of Eq. ~4!. The
incorporation of the line shape function into the formalism
demonstrated by considering one of the off-diagonal den
matrix elements,31

]rba

]t
52 ivbarba2S E

0

t

dtA~t! D rba , ~22!

where

A~t!52$@^G2~t!G2~0!&1^G2~2t!G2~0!&#

1@^G2~t!G1~0!&1^G2~2t!G1~0!&#%

1eivbat@^F~t!F~0!&1^F~2t!F~0!&#. ~23!

The connection of this equation with the line shape funct
formalism can be understood by examining the quanti
G6(t) and F(t). G2(t) and G1(t) represent the energ
gap fluctuation and fluctuation in average energy, resp
tively, while F(t) represents population fluctuations.31 The
correlation functionA(t) describes the overall dephasing
this density matrix element. If population relaxation contri
utes only negligibly to dephasing~often the case at room
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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temperature! and fluctuations in the energy gap are not c
related with fluctuations in the average energy, then the
relation function in Eq.~23! contains only autocorrelations o
G2(t). Therefore,A(t) measures energy gap fluctuatio
correlations. By analogy with the correlation function fo
malism presented in Ref. 7,A(t) therefore plays the role o
the correlation function,C(t) @Eq. ~9!#. Further comparison
to the formula for the line shape function in Eq.~10! reveals
that Eq.~22! can be recast in terms of the time derivative
g(t),

]rba

]t
52 ivbarba2ġ~ t !rba . ~24!

A similar equation can be written for the other off-diagon
elementrab . L̂ relax can then be formed via the combinatio
of elements prescribed by Eqs.~5! and ~6!. For a realg(t)
~the complex case will be treated in the next section!, the
relaxation matrix becomes simply

L relax5S 2ġ~ t ! 0 0

0 2ġ~ t ! 0

0 0 2
1

T1

D , ~25!

where, as stated above, correlations between the diag
and off-diagonal elements of the tetradic relaxation super
erator have been neglected.31 Combining Eqs.~8! and ~25!
gives the equation of motion for the density matrix,

]

]t S r1

r2

r3

D 5S 0 v0 0

2v0 0 2
m

\
Ex

0 22
m

\
Ex 0

D S r1

r2

r3

D

1S 2ġ~ t ! 0 0

0 2ġ~ t ! 0

0 0 2
1

T1

D S r1

r2

r32r30

D ,

~26!

where the initial inversionr30 has been subtracted fromr3 in
the relaxation term. The population relaxation is treated a
single exponential with lifetimeT1 in all cases.

The polarization of the medium is linked to the dens
matrix through the relation

Px~ t !52Nm@rab~ t !1rba~ t !#52Nmr1~ t !, ~27!

with N equal to the number density of two-level absorbe
Therefore, the coupled Maxwell–Liouville equations for t
fields and density matrix elements are

]Hy

]t
52

1

m0

]Ex

]z
, ~28!
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]Ex

]t
52

1

e

]Hy

]z
2

1

e

]Px

]t

52
]Hy

]z
2

Nm

e
ġ~ t !r11

Nmv0

e
r2 , ~29!

]r1

]t
5v0r22ġ~ t !r1 , ~30!

]r2

]t
52v0r112

m

\
Exr32ġ~ t !r2 , ~31!

]r3

]t
522

m

\
Exr22

1

T1
~r32r30!. ~32!

Equations~29!–~32! are finite-differenced after multiplying
the density matrix elements by exp@2g(t)# for r1 andr2 and
exp(2t/T1) for r3 . These correlation function-based FDT
~CF-FDTD! equations are given in Appendix A, along wit
additional details about the algorithm. The resulting eq
tions show that knowledge ofg(t) and its first time deriva-
tive @or, equivalently,C(t) and its integrals# is sufficient to
determine the coherence relaxation terms in the density
trix equation of motion. The time derivative is a linear o
erator; therefore, any sum of line shape functions repres
ing, for example, multiple Brownian oscillators can b
incorporated into the algorithm.

B. Complex correlation functions

The description of the system–bath interaction with
real line shape function is applicable when a stochastic
otherwise classical view of the relaxation is taken, as is of
the case in practice. However, this approach does not ne
sarily capture a fully microscopic~i.e., quantum-mechanical!
picture of molecular interactions. The neglect of an ima
nary part of the line shape function inherent to a stocha
description results in a model that does not satisfy
fluctuation-dissipation theorem, i.e., the bath influences
system, but not vice versa.7 When applied to vibrationa
spectroscopy, this assumes that low-frequency vibrati
coupled to the mode of interest do not themselves unde
modulation of their frequencies; this may not be a valid
sumption for strongly-interacting systems. Furthermo
without an imaginary component of the line shape functio
a frequency or Stokes-shift of the transition is not possib
For a more general treatment of molecular relaxation, p
ticularly for future extensions to nonlinear responses, the C
FDTD algorithm should be expanded to incorporate comp
line shape functions.

The equations for simulating pulse propagation throu
media with a complex line shape function are analogous
the real line shape case. However, the need to include
complex conjugate ofg(t) (g* (t)Þg(t)) precludes the use
of the same vector of density matrix elements as in E
~5!–~7!. A convenient means of representing the vector is
not combine the off-diagonal density matrix elements, b
leave them as the first two elements of the vector. Hence,
vector elements are

r15rab , ~33!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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r25rba , ~34!

r35rbb2raa , ~35!

wherer3 is still the inversion. Following the same procedu
as in Sec. III A, the Liouville equation of motion becomes

]

]t S r1

r2

r3

D 5 iS v0 0 2
m

\
Ex

0 2v0
m

\
Ex

22
m

\
Ex 2

m

\
Ex 0

D S r1

r2

r3

D

1S 2ġ~ t ! 0 0

0 2ġ* ~ t ! 0

0 0 2
1

T1

D S r1

r2

r32r30

D .

~36!

The polarization now is expressed as a sum of vector
ments,

Px~ t !52Nm@r1~ t !1r2~ t !#, ~37!

giving the following Maxwell–Liouville equations:

]Ex

]t
52

]Hy

]z
2

Nm

e
$@ iv02ġ~ t !#r1

2@ iv01ġ* ~ t !#r2%, ~38!

]r1

]t
5@ iv02ġ~ t !#r12 i

m

\
Exr3 , ~39!

]r2

]t
52@ iv01ġ* ~ t !#r21 i

m

\
Exr3 , ~40!

]r3

]t
52i

m

\
Ex~r22r1!2

1

T1
~r32r30!. ~41!

where the equation for the magnetic field is the same as
~28!. Note that (]r1 /]t)* 5]r2 /]t, as expected. It can b
shown that these equations are equivalent to Eqs.~29!–~32!
wheng(t)5g* (t) and the coherence elements of the dens
matrix are redefined according to Eqs.~5! and~6!. The finite-
differenced equations and time-dependent coefficients
simulations using this material description are supplied
Appendix B.

IV. SIMULATION RESULTS AND DISCUSSION

To demonstrate the utility and versatility of this comp
tational approach, the CF-FDTD algorithms are used
simulate the resonant propagation of ultrashort mid-IR pu
through samples of isotopically-diluted water~HDO in
D2O). Recent experimental measurements of pulse prop
tion through this system using the cross-correlat
frequency-resolved optical gating~XFROG! ~Ref. 46! tech-
nique have determined the electric field profiles before
after traversing optically dense solutions.20 The measure-
ments, which allowed extraction of the pulse field amplitu
Downloaded 08 Oct 2003 to 128.135.233.50. Redistribution subject to A
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and phase via the XFROG analysis, examined the effect
optical density and initial pulse chirp on the field profile
resulting from propagation through a concentration series
samples. As a number of recent nonlinear mid-IR spec
scopic measurements have proposed correlation function
the OH-stretching vibration,27,47–49this system also provide
a unique opportunity to simulate experimental pulse pro
gation results using parameters obtained almost exclusi
from the literature. Furthermore, comparison between
periment and simulation allows examination of how well t
proposed functions describe early-time relaxation. The
quisite sensitivity of the FID beats to early time dipolar r
laxation results in beat patterns that depend on the detai
the line shape function in the first;200 fs: even if line shape
functions yield very similar absorption band shapes, the fi
modulation due to interaction with high OD samples c
distinguish them if the spectra resulting from these functio
do not completely overlap. This phenomenon will be e
plored in depth in the next paper in this series.32 The purpose
of the simulations presented herein is to illustrate the c
centration, chirp, and correlation function dependence of
propagated fields as a demonstration of the general capa
ties of the CF-FDTD algorithms.

The experimental details were reported in Ref. 20. T
number density of OH oscillators,N, was determined from
the concentration of the HDO:D2O samples to be
;1.7– 6.731026 m23. The transition dipole moment,m,
was calculated from the integrated absorption coefficien50

via the Einstein B coefficient; the value ofm was 7.612
310231 C m. The permittivity of the solution was set to th
of neat D2O at 3400 cm21 (e51.457310211 J21 C2 m21),51

which is close to the OH-stretching absorption maximum.
addition, the initial inversion was21 for all simulations; that
is, all molecules were initially in the ground vibrational sta
The electric field amplitude and phase parameters of
driving pulses were obtained from XFROG measurement
the instrument response and pulse after propagation thro
the D2O solvent.20 The initial pulses had a Gaussian env
lope and carrier frequency matched to that of the mid
pulse, which was resonant with the OH-stretching transiti
The initial pulse field duration was set to 88 fs, which a
sumed propagation through neat D2O and the CaF2 windows
prior to the PC-FDTD calculation. The group velocity di
persion~GVD! was determined from polynomial fits to th
temporal phase determined by the XFROG algorithm. T
form of the electric field of the initial pulse was therefore

Ex~ t !5E0 expF22 ln~2!S t

t D 2Gsin@vpt1at2#, ~42!

whereE0 is the initial magnitude~arbitrarily set to 1.0 for all
calculations; variation ofE0 by several orders of magnitud
in either direction did not affect the results!, t is the pulse
duration,vp is the pulse carrier frequency, anda is the GVD.
Addition of third order dispersion~TOD!, determined by the
same polynomial fits to the XFROG data, did not signi
cantly change the resulting profiles; therefore, TOD was
included in the simulations reported herein.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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A. Optical density and chirp dependence

Experimental and simulated electric fields propaga
through 200mm path length samples of 1:200, 1:100, a
1:50 HDO:D2O solutions. Figure 1 shows the field profile
from the experimental data and simulations using a sim
Bloch model for the relaxation; the dephasing time was
fs, selected to match the full width at half maximu
~FWHM! spectral width of the absorption band, and t
population relaxation time of 700 fs was obtained from t
literature.49 The experimental and simulated fields are sho
in the first and second rows of Fig. 1, respectively, and
difference~experiment-simulation! is displayed in the third
row. The number density of OH oscillators in the samp
increases from left to right. Variation ofT1 by 650 fs did not
significantly alter the simulated fields, consistent with t
linear response and fixed total dephasing time. The simul
fields show the same trend as that observed in experim
the FID beat grows in magnitude with increasing concen
tion, with a second FID beat being generated in the m
optically-dense sample. A phase shift occurs between
lobes of the field profiles, as would be expected from
phase relationships between the driving pulse, polarizat
and FID.22 However, the shift is not prompt and is obscur
in the nodal regions, presumably due to the residual ch
(;231025 fs22) on the pulses; this was observed in t
XFROG results as temporal phase jumps with finite slope20

To further investigate the influence of pulse chirp on t
simulated profiles, comparisons were made between fi
propagated through the 1:50 HDO:D2O solution with differ-
ent chirps, using GVD parameters derived from the cor
sponding experimentally-measured input pulses.20 In the ex-
periments, the chirp was varied for the 1:50 HDO:D2O
solution by changing the amount of dispersion compensa
before the sample cell. Figure 2 demonstrates the effec
the initial pulse chirp on the propagated fields. The GVD
Figs. 2~A! and 2~C! was;231025 fs22 and that for Figs.
2~B! and 2~D! was ;731026 fs22. It is clear that the de-

FIG. 1. Dependence of simulated and experimental field profiles on
concentration. First row: experiment; second row: simulation; third row:DE
5experiment2 simulation. ~A, D! 1:200; ~B, E! 1:100; and~C, F! 1:50
HDO:D2O mole ratios. Simulated and experimental fields are normalize
a maximum of one.
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structive interference between the driving pulse and FID~s! is
more complete when the pulse is closer to the transfo
limit, as was observed in the amplitude and phase profi
obtained from experiment.20 The CF-FDTD simulations suc
cessfully reproduce this trend.

The simulated fields shown in Figs. 1 and 2 arise fro
interaction with a homogeneously-broadened Bloch mediu
Qualitatively, the agreement between experiment and si
lation is quite good; note that no parameters were adjus
for the simulations. However, it is evident that the simulati
does not quantitatively account for the observed fields, a
especially apparent for the more chirped pulses. The n
issue to consider for its influence on FID beat patterns is
form of the correlation function, as the Bloch model does n
provide a realistic description of vibrational relaxation in w
ter. The energy gap correlation function for the OH
stretching vibration of water has been pursued intens
since the development of short-pulse mid-IR sources in
3000 nm spectral region. Despite remaining disagreem
about the details of the relaxation, the body of eviden
amassed to date indicates, not surprisingly, that the relaxa
is non-Markovian in character.27,47–49,52,53The availability of
several correlation functions affords the unique opportun
to examine how they are manifested in the propagation
mid-IR pulses through these samples via the CF-FDTD
gorithm; this investigation will be detailed in the second p
per in this series.32 In the next section, a series of bas
correlation function types are used to demonstrate the fl
ibility of the CF-FDTD algorithms in treating a variety o
line shape functions with different degrees of memory.

B. Correlation function dependence

One obvious drawback of the Bloch model is its inabili
to capture more than one kind of relaxation. There is o
one adjustable parameter, the dephasing timeT2 , to describe
the coherence dynamics. Figures 3~A!–3~C! show that the
effect of changing this parameter is a simple increase of
FID beat magnitude asT2 is varied from 38 to 48 fs, with
some modification of the relative magnitudes of the beats

H

o

FIG. 2. Dependence of simulated and experimental fields on driving p
chirp; 1:50 HDO:D2O sample. First row: experiment; second row: simu
tion; third row: DE5experiment2 simulation. GVD5~A, C! 231025

fs22; ~B, D! 731026 fs22. Simulated and experimental fields are norma
ized to a maximum of one.
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more flexible model employs the Kubo function, an exp
nential correlation function which interpolates between M
kovian ~Bloch-type! and inhomogeneous~Gaussian! behav-
ior by the relative magnitudes of its correlation time,L21,
and root mean square fluctuation strength,D

C~t1!5D2 exp@2Lt1#. ~43!

A commonly-used measure of the homogeneous versus i
mogeneous character is the dimensionless parameterk, de-
fined as7

k[
L

D
. ~44!

Inhomogeneous behavior is obtained fork!1, when the
fluctuation magnitude is much larger than its time scale. H
mogeneous behavior occurs in the opposite limit ofk@1.

Keeping the same 1/e time for the response functio
decay, the shape of the Kubo response function can
readily altered. A simulation using a single Kubo functio
with L215D21543 fs (k51) is shown in Fig. 3~D!. The
electric field profiles of Figs. 3~E! and 3~F! are obtained by
changingk to 0.5 and 2.0, respectively, but keeping the sa
1/e time of the response function. The corresponding
sponse functions and power spectra for the Bloch and K
media are provided in Fig. 4. The power spectra for each
of responses are similar, but the relative weight given to
spectral wings changes withk for the Kubo functions. The
more homogeneous Kubo response that gives rise to the
in Fig. 3~F! decays more slowly than the intermediate ca
leading to enhanced beats. Conversely, the more Gaus
type response decays more quickly following a slower ini
decay and rapidly damps out the FID beats. As can be
served in Figs. 3 and 4, the electric field profiles after pro
gation are particularly sensitive to these details of the coh
ence relaxation; the time-domain propagated fields enha
the distinction among the responses. This characteristic

FIG. 3. Comparison of propagation through a Bloch medium and a med
described by a single Kubo function; 1:50 HDO:D2O sample.~A–C! are
Bloch media, and~D–F! are Kubo media sharing the same 1/e decay tim
~A! T2543 fs;~B! T2538 fs;~C! T2548 fs;~D! L215D21543 fs (k5 1!;
~E! L21599 fs; D21549 fs (k5 0.5!; ~F! L21516 fs; D21532 fs
(k5 2.0!. All fields are normalized to a maximum of one.
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become important when considering non-Markovian fun
tions obtained from third-order nonlinear spectrosco
measurements.32

V. CONCLUSIONS

The CF-FDTD algorithms detailed in this paper cons
tute a successful merging of the full-field FDTD method w
the correlation function picture of spectroscopy widely us
to describe ultrafast spectroscopic signals. Through exp
treatment of the density matrix elements of a two-level s
tem, these algorithms permit the simulation of pulse inter
tions with media that relax on multiple time scales. T
experimentally-observed FID beat features from pulse pro
gation through water are successfully reproduced using
method; the case of OH-stretching vibrational dynamics
water illustrates the power of this approach and the sens
ity of the fields to the fastest dynamics. Furthermore,
ability to incorporate correlation functions from nonline
optical spectroscopy into the CF-FDTD algorithm allows
comparison of experimental pulse propagation results w
simulation, as will be demonstrated in the next paper in t
series.32 This is a potentially useful means to assess the s
ability of the early-time medium response described by
given correlation function. The CF-FDTD method presen
in this paper is sufficiently general to model dipolar molec
lar responses in media with complicated, multi-time dyna
ics. The incorporation of the two-time energy gap fluctuati
correlation function into the CF-FDTD approach allows u
precedented flexibility in describing material response fu
tions in a full-field calculation; non-Markovian relaxatio
can be treated naturally in this representation.

In addition to the description of the OH-stretching mo
relaxation, a number of issues remain to be addresse
order to more accurately reproduce the experimenta
determined pulse fields after linear propagation. The al

m

.

FIG. 4. Response functions exp@2g(t)# ~A,B! and power spectra~C,D! cor-
responding to the media of Fig. 3. Panels~A! and~C! are characteristics of
the Bloch media, with solid:T2543 fs; dotted–dashed:T2538 fs; dashed:
T2548 fs. Panels~B! and ~D! represent the Kubo medium, with solid:k
51.0; dotted–dashed:k50.5; dashed:k52.0.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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rithms reported herein focus on the response of the two-le
absorbers in resonance with the incoming pulse. Howe
the solvent~in this case D2O) can also influence the resultin
field profiles through nonresonant material dispersion effe
This was apparent in pulse propagation measureme
which showed significant broadening of the pulse~increase
in duration of;10 fs! after traveling through the neat D2O
solvent compared to the empty sample cell. In the pres
simulations, this effect is treated in a simplistic manner, s
ting the permittivity to that of D2O and ‘‘prebroadening’’ the
pulses to what they would be after propagation through
solvent alone. It can be observed in the field differences~bot-
tom rows of Figs. 1 and 2! that the breadth of the driving
pulse after propagation is consistently underestimated w
respect to the experiment, which may result from the neg
of the solvent dispersion during propagation. Furthermo
changing the dielectric constant in the two-level medium
the permittivity of free space increases the relative mag
tude of the FID beats with respect to the main pulse~not
shown!. Inclusion of dynamic dispersive broadening by, f
example, interleaving a recursive-convolution FDT
algorithm34 with the CF-FDTD algorithm would lead to
more accurate picture of the pulse propagation that may
count for some of the driving pulse broadening missing fr
the simulated fields, as well as some mismatch in FID b
magnitudes. Uncertainty in experimental parameters co
also contribute to discrepancies between experimental
simulated fields. However, variation of the path length
610% did not improve the agreement of simulated fie
with experiment. Similarly, changing the number density
610% resulted in worse agreement with experiment, s
gesting that uncertainty in concentration is not respons
for these discrepancies.

The main purpose of the development of the CF-FD
method is to simulate the effects of pulse propagation
nonlinear spectroscopic measurements; the linear propa
tion algorithms presented in this article represent an imp
tant first step toward this goal. The modeling of nonline
field–matter interactions could proceed in a number of wa
In the most simplistic case, this could be accomplished w
the present linear algorithm by assuming that the nonlin
signal~calculated by other means! is generated at the begin
ning of the sample cell and propagating the signal linea
through the remainder of the material. More rigorous tre
ment will require incorporation of the nonlinear respon
into the algorithm, as has been accomplished in pump–pr
pulse envelope simulations using the Maxwell–Bloch eq
tions for both the linear and third-order nonline
polarizations.17 Third order nonlinearities have been model
in FDTD algorithms by Taflove54 and Ziolkowski,55 who in-
corporated both Kerr and Raman nonlinearities into phen
enological material responses. A similar treatment, modi
for a quantum-mechanical material, could be used to ext
the algorithms presented here. In the case of water,
nearbyv51 to v52 transition also must be taken into a
count for third-order responses;27,47–49,52,53,56–58a two-level
system approach is therefore insufficient to properly mo
these nonlinear spectroscopic measurements. However
density matrix-based approach is amenable to an exten
Downloaded 08 Oct 2003 to 128.135.233.50. Redistribution subject to A
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to three-level systems, and such an algorithm for Bloch
laxation has recently been reported.59 Therefore, the CF-
FDTD method has the potential to successfully calculate
effects of propagation on nonlinear mid-IR spectrosco
signals from multi-level systems with multi-time, non
Markovian relaxation.
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APPENDIX A: FINITE-DIFFERENCE EQUATIONS
FOR REAL CORRELATION FUNCTIONS

Equations~28!–~32! for the fields and density matrix
elements form the basis for the CF-FDTD algorithm. Befo
finite-differencing, the density matrix elements are recast
reduced form for computational simplicity, as outlined b
Ziolkowski et al. The three reduced quantities are defin
as40

r1~z,t !5u1~z,t !e2g(t), ~A1!

r2~z,t !5u2~z,t !e2g(t), ~A2!

r3~z,t !5r301u3~z,t !e2 ~ t/T1!. ~A3!

The Maxwell–Liouville equations for the electric fiel
and reduced density matrix elements then become

]Ex

]t
52

1

e

]Hy

]z
2A~ t !u11B~ t !u2 , ~A4!

]u1

]t
5v0u2 , ~A5!

]u2

]t
52v0u11C1~ t !Exu31D~ t !Ex , ~A6!

]u3

]t
52C2~ t !Exu2 . ~A7!

The time-dependent coefficients in Eqs.~A4!–~A7! are

A~ t !5
Nm

e
ġ~ t !e2g(t), ~A8!

B~ t !5
Nmv0

e
e2g(t), ~A9!

C6~ t !52
m

\
e6g(t)e7~ t/T1!, ~A10!
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D~ t !52
m

\
r30e

g(t). ~A11!

The equations are finite-differenced according to
standard prescription~second-order accurate!,29,30 with the
magnetic field shifted one half space (Dz) and time (Dt)
step from the electric field and density matrix equations.
finite-differencing, terms on the right hand sides of E
~A4!–~A7! that containui treat eachui as the average of its
value for the current and previous time locations. The sp
and time locations of the field and density matrix eleme
are set according to the Yee cell representation,60 with the
density matrix elements located at the same positions as
electric field. With the time-dependent coefficients defined
in Eqs. ~A8!–~A11!, the resulting finite-differenced equa
tions are the same as the corrected42 versions of those in the
appendix of Ziolkowski’s original paper @Eqs.
~A4a!–~A4e!#:40

HyS m1
1

2
,n1

1

2D5HyS m1
1

2
,n2

1

2D2
Dt

m0Dz

3@Ex~m11,n!2Ex~m,n!#, ~A12!

Ex~m,n11!5Ex~m,n!2
Dt

eDz FHyS m1
1

2
,n1

1

2D
2HyS m2

1

2
,n1

1

2D G2DtAS n1
1

2D 1

2

3@u1~m,n11!1u1~m,n!#1DtB

3~n1 1
2!

1
2 @u2~m,n11!1u2~m,n!#,

~A13!

u1~m,n11!5u1~m,n!1Dtv0
1
2 @u2~m,n11!

1u2~m,n!#, ~A14!

u2~m,n11!5u2~m,n!2Dtv0
1
2 @u1~m,n11!

1u1~m,n!#1Dt 1
2 @Ex~m11,n!

2Ex~m,n!#$C1~n1 1
2!

1
2 @u3~m,n11!

1u3~m,n!#1D~n1 1
2!%, ~A15!

u3~m,n11!5u3~m,n!2DtC2~n1 1
2!$

1
2 @Ex~m11,n!

2Ex~m,n!#3 1
2 @u2~m,n11!

1u2~m,n!#%, ~A16!

where m and n are the indices of the space and time s
locations, respectively. The equation forHy is advanced in
the standard ‘‘leapfrog’’ fashion, while the remaining equ
tions for Ex and u12u3 are evaluated with a predictor
corrector algorithm.40

The platform chosen for the computations w
MATLAB 6.5, which served as a natural environment due
its vectorizing capabilities. The routine contained on the
der of 100 lines of executable code, depending on the
sponse function chosen by the user. Evaluation of;18 000
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space steps and;39 000 time steps took approximate
1–1.5 h to run on a desktop PC with a 533 MHz system b
2.4 GHz processor, and 512 MB RAM running Window
XP; the sample was spatially discretized atl/100 and had a
time step at half the Courant stability criterion.29,30 Discreti-
zation at thel/200 level resulted in calculated fields esse
tially identical with those at thel/100 level. The code was
tested by the successful observation of the self-induced tr
parency of a 2p sech2 pulse in a Bloch medium.

APPENDIX B: FINITE-DIFFERENCE EQUATIONS
FOR COMPLEX CORRELATION FUNCTIONS

The FDTD expression of Eqs.~38!–~41! for the complex
response function follows that for the real response funct
as developed in Appendix A. The reduced forms of the n
density matrix~vector! elements are identical to Eqs.~A1!–
~A3!, except that the complex conjugateg* (t) appears in the
expression forr2 ,

r2~z,t !5u2~z,t !e2g* (t). ~B1!

The reduced equations are

]Ex

]t
52

1

e

]Hy

]z
1A~ t !u12B~ t !u2 , ~B2!

]u1

]t
5 iv0u11C1~ t !Exu31D~ t !Ex , ~B3!

]u2

]t
52 iv0u21C1* ~ t !Exu31D* ~ t !Ex , ~B4!

]u3

]t
5C2~ t !Exu11C2* ~ t !Exu2 , ~B5!

with time-dependent coefficients,

A~ t !5
Nm

e
@ iv02ġ~ t !#e2g(t), ~B6!

B~ t !5
Nm

e
@ iv01ġ* ~ t !#e2g* (t), ~B7!

C1~ t !52 i
m

\
eg(t)e2 ~ t/T1!, ~B8!

C2~ t !522i
m

\
e2g(t)e~ t/T1!, ~B9!

D~ t !52 i
m

\
r30e

g(t). ~B10!

Using the same strategy as for the real correlation fu
tion case, the finite-differenced equations for the more g
eral complex function case are

Ex~m,n11!5Ex~m,n!2
Dt

eDz FHyS m1
1

2
,n1

1

2D
2HyS m2

1

2
,n1

1

2D G1DtAS n1
1

2D 1

2

3@u1~m,n11!1u1~m,n!#
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2DtB~n1 1
2!

1
2 @u2~m,n11!

1u2~m,n!#, ~B11!

u1~m,n11!5u1~m,n!1 iDtv0
1
2 @u1~m,n11!

1u1~m,n!#1Dt 1
2 @Ex~m11,n!

2Ex~m,n!#$C1~n1 1
2!

1
2 @u3~m,n11!

1u3~m,n!#1D~n1 1
2!%, ~B12!

u2~m,n11!5u2~m,n!2 iDtv0
1
2 @u2~m,n11!

1u2~m,n!#1Dt 1
2 @Ex~m11,n!

2Ex~m,n!#$C1* ~n1 1
2!

1
2 @u3~m,n11!

1u3~m,n!#1D* ~n1 1
2!%, ~B13!

u3~m,n11!5u3~m,n!1DtC2~n1 1
2!

1
2 @Ex~m11,n!

2Ex~m,n!# 1
2 @u1~m,n11!1u1~m,n!#

1DtC2* ~n1 1
2!

1
2 @Ex~m11,n!

2Ex~m,n!# 1
2 @u2~m,n11!1u2~m,n!#.

~B14!

The complex CF-FDTD algorithm successfully repr
duces the results of the CF-FDTD algorithm for real fun
tions ~Appendix A! when simulations were performed wit
real line shape functions. Their equivalence in this spe
case can also be verified via substitution ofg* (t)5g(t) into
Eqs. ~B11!–~B14! and redefinition of the elements of th
vector describing the density matrix.
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